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Dynamic Calibration of a Shear-Stress Sensor
Using Stokes-Layer Excitation

Mark Sheplak,¤ Aravind Padmanabhan,† Martin A. Schmidt,‡ and Kenneth S. Breuer§

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

The design and implementation of a novel dynamic calibration technique for shear-stress sensors is presented.
This technique uses the oscillating wall shear stress generated by a traveling acoustic wave as a known input to the
shear-stress sensor. A silicon-micromachined, � oating-element shear-stress sensor has been dynamicallycalibrated
up to 4 kHz using this method. These data represent the � rst broadband, experimental veri� cation of the dynamic
response of a shear-stress sensor.

Introduction

T HE measurement of shear-stress � uctuations in a turbulent
boundary layer is of vital importance to the � uid mechanics

community because it provides important information about � ow
phenomena, including viscous drag, transition to turbulence, and
� ow separation.1 To capture accurately the spectrum of the turbu-
lent shear-stress � uctuations, the measurement device must possess
a large usable bandwidth, and the spatial dimensions of the device
must be smaller than the turbulent structures to be measured. The
spatial lengthscales of interestare typicallyon the orderof 100 ¹m,
and the requiredbandwidthis in excessof 10 kHz (Ref. 2). The strin-
gent spatial and temporal resolution requirementsnaturally point to
a microfabricated transducer as a means of achieving this level of
performance,anda numberof researchershavedemonstrateddevice
designs aimed at meeting this goal.3¡21 Existing wall shear-stress
sensors can be grouped by measurement method into two distinct
classes: direct techniques such as � oating element type devices3¡11

or indirect techniques such as hot � lms5;12¡20 or hot wires.21

For turbulence measurements it is desirable that the shear-stress
sensor possesses an optimally � at, unity-gain,minimum-phase fre-
quencyresponsefunction.Such characteristicsarenecessaryto min-
imize the uncertainty in correlation and spectral analysis data. The
actual dynamic response, however, will be band-limitedbecause of
the inherent compliance, inertance, and dissipation in the measure-
ment system. For direct measurement techniques either the � uidic
damping or the resonant frequencyassociatedwith the � oating ele-
ment structurede� nes the usablebandwidth.In thermal systems, the
bandwidth is usually limitedby the thermal inertia of the sensingel-
ement. In addition,the dynamic responseof thermal sensors is com-
plicated by the frequency-dependentheat conduction into the sup-
porting structure (i.e., substrate12;16¡18;22;23 or membrane13¡15;19;20

for hot � lms and prongs for hot wires21;24), which creates a low-
frequency roll off in the gain factor of the frequency response
function, as well as a corresponding frequency-dependent phase
lag. The dif� culties associated with the modeling of time-resolved
microscale phenomena, � uidic damping for � oating elements and
the conjugatedheat-transferproblemfor thermal sensors, precludes
the accurate prediction of the frequency response function for both
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classes of shear-stress sensors. Therefore, it is necessary to char-
acterize the frequency response function of the sensor via in situ
dynamic calibration. Unfortunately, obtaining a known broadband
shear-stress input for direct dynamic calibration is dif� cult in prac-
tice. Recently, a technique has been reported that calibrates shear-
stress sensors using acoustically generated Stokes waves at vari-
ous frequencies within a � at-plate boundary layer (M. N. Glauser,
private communication, Arizona State University’s Sensor Fest’97,
1998). The Stokes wave is generated in the wind-tunnel test section
at a given frequency within a predetermined range via an array of
nine speakers. The shear stress on the surface is calculated using
a hot-wire velocity measurement at the same streamwise location
as the surface-mounted sensor. This method has been used over a
frequency range from 50 Hz to 3.0 kHz. This technique is very use-
ful for absolute calibrations,but it requires a dedicated wind-tunnel
facility out� tted with a speaker array and is ultimatelyband-limited
as a result of spatialmeasurementresolutionwithin the Stokes-layer
velocity pro� le [i.e., ±. f / ¼ 6:5

p
.º=2¼ f /, ±.3 kHz/ ¼ 183 ¹m].25

This paper presents the developmentof a self-containedacoustic
plane wave generator that provides a known sinusoidal shear stress
input to a shear-stress sensor. In this calibration technique the si-
nusoidal shear stress is inferred from the cylindrical Stokes-layer
solution for a plane acoustic wave traveling in a circular duct. The
theoreticalaspectsof this techniqueare discussedand representative
calibration results from a � oating-elementsensor presented.

Background
The dynamic response of a general shear-stress sensor system is

band-limited because of the various modes of energy storage and
dissipation inherent in the system. Assuming that the shear-stress
sensor can be modeled as a linear, time-invariant system over a
range of shear stress, dynamic calibration is possible, provided that
a known sinusoidal shear input can be produced.26;27 In this section
the theoretical basis for dynamically calibrating linear shear-stress
sensorsvia Stokes-layerexcitationin a cylindricalduct is presented.

Stokes-Layer Excitation
The basic principle of this technique relies on the fact that the

particle velocity of acoustic waves must equal zero at the duct wall.
The consequence of the no-slip boundary condition is the genera-
tion of a frequency-dependentboundary layer [±. f /] and wall shear
stress [¿. f /] (Ref. 25) (see Fig. 1). For the case of purely traveling
planewaves in a duct with no mean � ow, the linearizedperturbation
equation for the compressible momentum conservation law in the
axial direction reduces to the classic problem of a duct-� ow driven
by an oscillatingpressure gradient. The solution to this problem in-
dicates that the magnitudeof the shear stress is directlyproportional
to the product of the pressure magnitude and the square root of the
excitation frequency.25

The problem of duct � ow driven by an oscillating pressure gra-
dient was originally investigatedexperimentallyby Richardsonand
Tyler,28 then solved analyticallyby Sexl.29 This problem is also dis-
cussed in Ref. 25. Assuming an axial velocity u.r; t/, where r is the
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Fig. 1 Schematic of acoustic-wave particle motion near the wall.

radial coordinate, the differential form of the momentum conserva-
tion law in the axial direction z is
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where ½ is the density,º is the kinematic viscosity, j D
p

.¡1/, and
@p=@z D ¡½K e j2¼ f t is the oscillatingpressuregradient.Assuming
a harmonic solution, the boundaryconditionsto the problemconsist
of a � nite velocity at the tube center and the no-slip condition at the
tube wall r D R,

u.0; t/ < 1; u.R; t/ D 0 (2)

The solution of Eq. (1) for the particle velocity u.r; t/ is
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where I0 is the zeroth-order,modi� ed Bessel function30 and ¹ is the
� uid viscosity. The corresponding wall shear stress induced by the
oscillating pressure gradient is
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If the oscillatingpressure gradient is driven by a plane, purely trav-
eling (in positive z direction only), acoustic wave

p D p0 exp[ j .2¼ f t ¡ kz/] (5)

then the pressure gradient can be expressed as

e j2¼ f t @p

@z
D

¡ j2¼ f

c
p0 exp[ j .2¼ f t ¡ kz/] (6)

where p0 is themagnitudeof thepressure� uctuation,c is the speedof
sound,andk D 2¼ f=c is theaxialwave number.CombiningEqs. (3),
(4), and (6) results in the particle velocity and wall shear stress
generated by a purely traveling acoustic wave in a circular duct:

u.r; z; t/ D
p0 exp[ j .2¼ f t ¡ kz/]

½c

µ
1 ¡

I0.r
p

j2¼ f=º/

I0.R
p

j2¼ f=º/

¶
(7)

¿ .z; t/ D ¡
p0 exp[ j .2¼ f t ¡ kz/]

c

r
j2¼ f ¹

½

I1.R
p

j2¼ f=º/

I0.R
p

j2¼ f=º/

(8)

Equation (8) indicates that the magnitude of the oscillating shear
stress is directlyproportionalto the product of the acousticpressure
magnitude and the square root of the excitation frequency.

The validity of this solution will break down at higher frequen-
cies, where the assumption of plane-wave propagation is no longer
valid. In addition to the plane wave propagating in axial direction
possessing uniform transverse wave fronts, there are higher-order
wave modes that re� ect back and forth from the duct walls.31 There-
fore, the frequency bandwidth over which the preceding solution is
valid is dependent on the acoustic wave-guide characteristicsof the
tube.

Plane-Wave Propagation in a Tube
The propagationof higher-ordermodes in a cylindrical duct with

zero mean � ow is governed by the wave equation for simple har-
monic waves31

r2 p0 C .2¼ f=c/2 p0 D 0 (9)

For a circular duct of radius R, the eigenfunctions in cylindrical
coordinates are

pmn.r; Á; z; t/ D p0 exp[ j .2¼ f t § kmn z/]
cos.mÁ/

sin.mÁ/
Jm.¼qmnr=R/

(10)

where Jm is the Bessel function of order m30 and qmn=R is the
correspondingeigenvalue.If the walls of the tube are assumed to be
rigid, the resulting eigenvalue problem is

J 0
m .¼qmn/ D 0 (11)

where the prime denotes differentiation with respect to the radial
coordinate. The .m; n/th mode has m plane modal surfaces that
extend radially outward from center axis and n cylindrical nodes
that are concentric about the axis. The correspondingwave number
is

kmn D
p

.2¼ f=c/2 ¡ .¼qmn=R/2 (12)

When kmn is real, Eq. (10) represents traveling waves, axially prop-
agating in the positive z direction.If kmn is imaginary, then the mode
is evanescent,exponentiallydecayingas it propagatesin the positive
z direction. The fundamental mode (0, 0) has a zero characteristic
value and is thus a plane wave. The � rst higher-order mode that
becomes propagational (nonevanescent) is the (1, 0) mode or � rst
“spinning” mode. The characteristicvalue associated with (1, 0) is
q10 D 0:5861, and the correspondingfrequency is31

fco D 0:2931c=R (13)

This value represents the upper limit or cutoff frequency for the
validity for Eq. (8) in a tube of radius R. For example, the cutoff
frequency for a 0:5-m -radius tube is approximately 200 Hz.

Experimental Apparatus
The experimental study was performed in the Fluid Dynamics

Research Laboratory at the Massachusetts Institute of Technology.
A plane-wave tube capable of generating purely traveling, plane
acousticwaveswas designedand fabricated.Two seriesof tests were
conducted:one to characterize the response of the plane-wave tube
and the other to demonstrate the Stokes-layer dynamic calibration
technique by calibrating a � oating-element shear-stress sensor.

Plane-Wave Tube
The experimental apparatus used to generate the oscillating

Stokes layer, a plane-wave tube, is shown in Fig. 2. The setup in-
cludes a 6 ft-long, 2 in.-diam, 1

8 in.-thick, circular acrylic tube with
a speaker driver (JBL 2446J) (Ref. 32) attached at one opening and

Fig. 2 Schematic of plane-wave tube apparatus used for generating an
oscillating shear stress.
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a conical foam section (HyFonic, 80 ppi; Stephenson & Lawyer,
Inc.) � lling the other end. A Stanford Research Systems SR 830
Lock-InAmpli� er provideda sinusoidalinput to a Crown DC-300A
Series II ampli� er, which in turndrovethe speaker.The conicalfoam
section prevented acoustic re� ections by dissipating the incident
travelingwaves. A 1

8
-in. microphone(B & K 4138 attachedto a B &

K 2633 preampli� er) and shear-stresssensor were � ush mounted at
an axial location15 in. from the speakerdriver,180 deg oppositeone
another. The signals from the microphone and shear-stress sensor
were recorded by the lock-in ampli� er.

As discussed in the preceding section, the wave-guide trans-
mission properties of the circular tube determine the propagation
characteristics of the acoustic modes. The bandwidth of the cali-
brator is thus determined by the low-frequency cutoff of the tube,
which is de� ned by the frequencyof the � rst propagatingnonplanar
acoustic mode. The low-frequency cutoff for our tube geometry is
¼4 kHz [Eq. (13)]. The speaker driver will generate higher-order
modes, and so it is important to locate the shear-stress sensor and
microphone a distance greater than ¸=6.¸ D c= f / downstream of
the speaker to ensure measurement of nonevanescent, propagating
modes. Proper termination of the plane waves with the foam insert
is crucial to prevent wave re� ections, which in turn would invali-
date the Stokes-layer relationshipbetween pressure and shear stress
[Eq. (8)]. Speci� cally, wave re� ections at the tube end will result in
a combination of traveling and standing acoustic waves producing
nodes and antinodes, as well as a phase shift between the particle
velocity and the pressure � uctuation.

Floating-Element Sensor
We have previously reported the detailed design and fabrication

of this sensor.6¡9 The sensoris composedof a 500 £ 500 ¹m, square
silicon � oating element of 7-¹m thickness,which is suspended1 ¹
above the surface of a silicon wafer by four silicon tethers that are
500 ¹m long, 7 ¹m wide, and 7 ¹m thick (Fig. 3). Photodiodes are
integrated into the substrateunder the � oatingelement at the leading
and trailing edge. A modulated light source (7-mW, 670-nm laser
diode) illuminates the element from above such that a differential
photocurrent is produced, which is directly proportional to the lat-
eral displacement of the element and hence the shear stress. The
photocurrent is converted to voltage via a SR 570 current pream-
pli� er. The photodiode transductionscheme was selected after con-
sideration of a variety of sensing schemes that we have previously
implemented.3¡5 This scheme yields a highly sensitive measure-

Fig. 3 Schematics of both the top and cross-sectional views of the
shear-stress sensor.

Fig. 4 Static calibration of a 500 £ £ 500 £ £ 7 ¹m � oating-element
shear-stress sensor.

ment that does not require integration of detection electronics and
is substantially insensitive to environmental effects such as elec-
tromagnetic interference (EMI) and stray charging when compared
with higher-impedance transduction techniques such as capacitive
detection.

As already reported, static calibrations demonstrate the linearity
of this device over a shear-stress range of 0.0014–10 Pa (Fig. 4).9

These data indicate that the sensor responds linearly to within
§1%. In addition, the device has demonstrated minimal drifts in
sensitivity.8 Qualitative spectra from this sensor indicate a band-
width in excessof 10kHz.7 The noise� oorof the sensoris 0.0004Pa.
The actual characteristicsof the frequency response function, how-
ever, are presentlyunknown.Therefore,in order to use this device to
obtainquantitativeturbulenceinformationthe effectsof the inherent
mass, compliance, and dissipationof the � oating-element structure
on the dynamic response must be characterized. In the case of our
� oating-element sensor, the linearity of the static calibration data
and the stability of the system lead to the assumption that the mi-
cromachined shear-stress sensor is a linear, time-invariant system.
Therefore, the frequency response function H . f / can be obtained
by providing the system with a known input and observing the out-
put. In this experiment the known shear-stress¿St. f / is obtainedvia
Eq. (8), and the measured shear-stress is obtained by dividing the
sensor voltage V . f / by the static sensitivity @ NV =@¿ (Fig. 4):

H . f / D
V . f /

¿St. f /

@ N¿
@ NV

(14)

Uncertainty Associated with the Dynamic Calibration
of Floating-Element Sensors

Ideally, the lateral displacement of the � oating element will be
solely a function of the applied wall shear stress. In practice, how-
ever, it is known that there will be an additional displacement as a
result of the pressure gradient forces across the � oating element.8

There are two sources of error caused by the pressure gradient.The
� rst error is associated with net pressure force acting on the lip of
the � oating element. This force is equal to the product of the differ-
ential pressure and the cross-sectionalarea of the � oating element.
The second error is caused by the viscous force imposed by � ow
beneath the � oating element. The magnitude of the effective shear
stress includingpressure-gradienteffectsfor a pressure-drivenmean
� ow in a channel of height h is8

¿eff D .1 C g=h C 2t=h/¿wall (15)

where t is the lip thickness (7 ¹m) and g is the depth of the cavity
under the element (1 ¹m). The second and third terms in the bracket
of Eq. (15) represent the error caused by � ow beneath the element
and the net pressureforce acting on the lip. Similar forceswill act on
the tethers of the � oating element but will be much smaller because
of the reduced pressure gradient over the axial length (7 ¹m) com-
pared to axial length of the � oating element (500 ¹m). The scaling
of these errors clearlypointsout the advantagesof a microfabricated
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shear-stress sensor possessing a thin lip and small gap. The mean
shear-stress data presented in this paper were taken in a channel of
height h D 508 ¹m resulting in a maximum error of 2% (Ref. 8).

There are similar errors induced by the local pressure gradients
generated by traveling acoustic waves. The magnitude of the ef-
fective shear stress including pressure-gradienteffects for a purely
traveling acoustic waves in a circular duct is

¿. f /eff D [1 C .g=2/
p

2¼ f½=¹ C t
p

2¼ f½=¹]¿wall (16)

The second and third terms of Eq. (16) represent the error caused
by the � uctuating � ow beneath the element and the net � uctuating
pressure force acting on the lip (assuming a square element). The
magnitudeof the error terms is proportionalto f , whereas the actual
shear stress is proportional to

p
. f /. The error terms are also ¼=2

out of phase with the actual shear stress.The � uctuatingshear-stress
data presented in this paper possessed a maximum error of 3.2 dB
at 10 kHz.

Experimental Results
Because the magnitude of the shear stress is proportional to the

productof the acousticpressureand the square root of the excitation
frequency [see Eq. (8)], it was necessary to drive the speaker at ap-
proximately150dB to ensurea measurablesignal(e.g.,>0:0004Pa)
at the lower frequencies. Figure 5 shows the dynamic response of
the MassachusettsInstituteof Technology speaker/plane-wave tube
system plotted vs the JBL factory speci� cations.32 The response
monotonically increases from 100 Hz to 1 kHz and then monotoni-
cally decreases with increasing frequency. The presence of a notch
at 600 Hz correspondswith a resonantstructuralmode of the acrylic
tube. At resonance a portion of the acoustic energy radiated by the
speaker drives the structural vibration of the tube rather than prop-
agating downstream. As a result, the microphone measures a lower
sound pressure level. After the structural resonance the JBL speci� -
cations and our measured results are in agreement to within §1 dB
up to the cutoff frequency for the (1, 0) mode, ¼4 kHz.

The shear-stress sensor output voltage for a sinusoidal pressure
sweep at nominally150 dB is shown in Fig. 6. This representsa � uc-
tuating shear envelope of approximately 0.1 Pa at 100 Hz to 1.0 Pa
at 10 kHz. The sensor output exhibits a square-root dependence on
frequency as predicted by Eq. (8). It is evident that the sensor is
responding to shear stress and not pressure because the square-root
frequency dependence dominates the variation in sound-pressure
level shown in Fig. 6. The cross-axis sensitivity of the shear-stress
sensor to pressure was further tested by rotating the sensor 90 deg
to the axial direction. The sensor displayed negligible sensitivity to
acoustic forcing at 150 dB. Finally, the voltage output of the sensor
displays square-root frequency well beyond the onset of the � rst
higher-ordermode. At frequencies greater than 4 kHz, the acoustic
� eld will consist of other modes in addition to the fundamental.
Although Eq. (8) is invalid in this region, the sensor appears to be
responding to shear stress up to at least 10 kHz.

The magnitude of the normalized, shear-stresssensor frequency-
responsefunction[Eq. (14)] is shown in Fig. 7. Ideally,the static and
dynamic responses should be equal, resulting in a normalized fre-

Fig. 5 Plot showing the pressure response of the plane-wave tube and
the manufacturers’ calibration curve for the JBL 2446J speaker driver.

Fig. 6 Output voltage of a 500-¹m sensor to acoustic plane-wave
excitation.

Fig. 7 Bode plot showing the magnitude of the shear-stress sensor fre-
quency response function in decibels as a function of frequency for a
500-¹m sensor.

quency response function of 0 dB. In Fig. 7 the response is between
0 and 5 dB over the frequencyrangeof 200 Hz to 4 kHz.The positive
shift in response is most likely as a result of the Stokes-layer solu-
tion underpredicting the actual shear stress caused by the acoustic
wave. This underpredictioncould be associatedwith tube vibration
that would increase the uncertainty in modeling the problem with
Eq. (1). In particular, an additional term accounting for the radial
wall velocity would be necessary, and a compliant boundary con-
dition would be necessary for the plane-wave eigenvalue problem
[Eq. (11)]. In addition, the positive shifts at low frequencies might
be caused by re� ected waves as a result of ineffective plane-wave
tube termination at the longer acoustic wavelengths.

Conclusions
Direct, in situ dynamic calibration of a shear-stress sensor has

been achieved. This technique uses plane, purely traveling acous-
tic waves to generate an oscillating shear stress. The theoretical
and practical aspects of this technique are presented.A plane-wave
tube apparatus was constructed and a � oating-element shear-stress
sensor calibrated. According to the theoretical design, the calibra-
tion indicates a nominally � at sensor response up 4 kHz, the fre-
quency cutoff of the derived pressure-shear relationship.Based on
the square-root frequency scaling of oscillating shear stress, this
sensor demonstrates a qualitative response to at least 10 kHz.

Future work in this area will focuson improving the accuracyand
bandwidth of the Stokes-layer calibration technique. Speci� cally,
a smaller-area rectangular duct with improved vibration isolation
will be investigated. The ultimate goal is to extend this broadband
techniqueto a variable-meanduct � ow for the calibrationof thermal
shear-stress sensors.5;12¡20
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